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Abstract

There have been a growing number of observations of oscillating protein levels (p53 and NFkB) in eukaryotic signalling pathways.

This has resulted in a renewed interest in the mechanism by which such oscillations might occur. Recent computational work has shown

that a multisite phosphorylation mechanism such as that found in the MAPK cascade can theoretically exhibit bistability. The bistable

behavior was shown to arise from sequestration and saturation mechanisms for the enzymes that catalyse the multisite phosphorylation

cycle. These effects generate the positive feedback necessary for bistability. In this paper we describe two kinds of oscillatory dynamics

which can occur in a network by which, both use such bistable multisite phosphorylated cycles. In the first example, the fully

phosphorylated form of the phosphorylated cycle represses the production of the kinase, which carries out the phosphorylation of the

unphosphorylated states of the cycle. The dynamics of this system leads to a relaxation oscillator. In the second example, we consider a

cascade of two cycles, in which the fully phosphorylated form of the kinase, in the first cycle, phosphorylates the unphosphorylated forms

in the second cycle. A feedback loop, by which the fully phosphorylated form of the second cycle inhibits the kinase step in the first cycle

is also present. In this case we obtain a ring oscillator. Both these networks illustrate the versatility of the multisite bistable network.

r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

There have been a growing body of evidence of
oscillating protein levels (Hoffmann et al., 2002; Lahav
et al., 2004; Wang et al., 2006) in eukaryotic signalling
pathways. This has resulted in a renewed interest in the
mechanism by which such oscillations might occur.

Arguably one of the most studied protein networks is the
MAPK pathway and recent work in Yeast by Wang et al.
(2006) has provided evidence for bistability in this pathway
which, as we will show in this paper, can be used to
generate oscillations. Indeed (Wang et al., 2006) hypothe-
sized that the Yeast pheromone pathway might use
bistability to generate oscillations.

What is intriguing about the MAPK pathway in general
is that it is replete with feedback loops. One of the first
e front matter r 2006 Elsevier Ltd. All rights reserved.
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regulatory loops to be discovered was probably the
negative feedback between ERK and SOS (Hu and
Bowtell, 1996; Langlois et al., 1995; Cherniack et al.,
1995). In addition to the ERK/SOS feedback, a number of
other feedback loops have been reported. For example, a
second negative feedback arises from hyperphosphoryla-
tion of multiple sites on Raf1, which is the first kinase of
the MAPK cascade (Dougherty et al., 2005). These sites
were shown to be proline-directed targets of activated
ERK, and hyperphosphorylation of these sites inhibits the
Ras/Raf1 interaction that is necessary for Raf1 activation.
A third negative feedback is brought about by ERK-
induced inhibitory phosphorylation of the adaptor protein
GAB1 (Roshan et al., 1999; Yu et al., 2002; Arnaud et al.,
2004; Lehr et al., 2004), which can bind the Grb2-SOS
complex and, thereby, participate in Ras activation by
growth factors.
In addition to specific regulatory loops there is also less

obvious regulation that arises from sequestration effects.
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The most well understood of these is one based on the
multisite phosphorylation mechanism (Markevich et al.,
2004). What is intriguing about this mechanism is that it
has the potential to generate bistability and oscillations.

The MAPK pathway serves as one example where many
regulatory loops have been uncovered, other protein
networks are equally adorned with similar interactions
(Ihekwaba et al., 2005; Bond et al., 2005) and many more
undoubtedly remain to be uncovered. These interactions
have the potential to generate a great variety of dynamical
behaviors as witnessed by recent experimental work on
single cells (Kaern and Weiss, 2006). In many cases,
however, it is difficult to understand the origin of these
observations because this requires a knowledge of motifs
and their dynamical properties. In many cases experimen-
talists rely on published theoretical models to compare to
real networks (cf. Wang et al., 2006).

In this paper we wish to explore a number of novel
motifs that can elicit oscillatory behavior. Thus, although
the networks that we will describe are hypothetical, they
serve their purpose to the community by suggesting
possible ways in which observed data can be explained.
We will be particularly interested in motifs where the
regulatory interactions are coupled with dual-phosphor-
ylation cycles (Fig. 1).

We begin by briefly reviewing the bistable switch-like
model of Markevich et al. (2004) in Section 2. In Section 3,
p

Fig. 1. MAPK Modular structure: hierarchical three-tiered structure for a

typical MAPK module. The symbol X , X p and X pp represent the

unphosphorylated, single phosphorylated and doubly phosphorylated

forms. Each layer designates a distinct protein species, the first layer,

populated with protein species M, is only singly phosphorylated, the two

lower layers, populated by species N and O and doubly phosphorylated.

In each layer, forward reactions are catalysed by kinases and reverse

reactions by phosphatases. Each forward arm consumes ATP (with the

release of ADP) and each reverse arm releases free phosphate. The kinase

activities in layers N and O are provided by the phosphorylated forms in

the previous layer.
we construct a relaxation oscillator by assuming that the
fully phosphorylated form of the kinase in the cycle
represses the production of its upstream phosphorylating
kinase. In Section 4 we construct a ring oscillator made
from two cascade layers in which the fully phosphorylated
form of the kinase in the first layer activates the second,
and a feedback loop in which the fully phosphorylated
form of the second layer competitively binds to the kinase
which phosphorylates the first layer.

1.1. Methods

All simulations were carried out using the Systems
Biology Workbench (SBW/BioSPICE) tools (Sauro et al.,
2003): the network designer, JDesigner, and the simulation
tool Jarnac (Sauro, 2000). Bifurcation diagrams were
computed using SBW with an interface to MATLAB
(Wellock et al., 2005), and a bifurcation discovery tool
(Chickarmane et al., 2005). Bifurcation plots were also
computed and confirmed using Oscill8,1 an interactive
bifurcation software package developed by Emery Conrad,
which is linked to AUTO (Doedel, 1981), and SBW (Sauro
et al., 2003). In all our simulations the species concentra-
tions are regarded as dimensionless, whereas the kinetic
constants have dimensions of inverse time, with dimension-
less Michaelis–Menten constants. All models are available
as standard SBML or Jarnac scripts (http://www.
sys-bio.org).

2. Bistable switch due to multisite phosphorylation

In Markevich et al. (2004), the authors described a
kinetic scheme where a two-site covalent-modification
cycle, of a substrate M, is acted upon by a phosphatase
(Phos) and a kinase (Kin), both in a non-processive,
distributive way, such that the activity of M, showed
bistability. Fig. 2 shows the reaction scheme of a dual-
phosphorylation subnetwork, with three states of increas-
ing phosphorylation, M ;Mp;Mpp. All the arrows represent
reactions governed by Michaelis–Menten kinetics.
The model assumes that the phosphorylation steps are

irreversible while the dephosphorylation steps are irrever-
sible and product sensitive. This scheme results in the
sequestration of Phos, by its products, Mp and M. The
sequestration of modifying enzymes effectively adds
inhibitory loops into the network (Fig. 3). The first
inhibition occurs when M suppresses the dephosphoryla-
tion of Mp. The second inhibition occurs when Mpp

suppresses the dephosphorylation of Mp which occurs
because Mpp sequesters Phos, thereby reducing its avail-
ability to Mp. These interactions lead to a positive feedback
loop that stimulates the production of Mpp. The physical
explanation for this is as follows. Increasing the kinase
activity on v1 and v2 (Fig. 3) results in additional
production of Mpp. The additional Mpp sequesters
1http://sourceforge.net/projects/oscill8.

http://www.sys-bio.org
http://www.sys-bio.org
http://sourceforge.net/projects/oscill8
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Fig. 3. Implied regulation: this is the same network as shown in Fig. 2 but

with some of the implied regulatory feedback loops added as a result of

sequestration effects. M suppresses the phosphorylation of Mpp, whereas

Mpp suppresses the dephosphorylation of Mp.
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Fig. 2. Dual-phosphorylation scheme: the diagram shows the reaction

scheme for the multisite phosphorylation. Phosphorylation is carried out

by the forward reactions, whereas the dephosphorylation is carried out by

the reverse reactions.
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phosphatase which means that Mp is not consumed as fast
and tends to rise. By conservation this must result in a
decline in M. The increase in Mp stimulates further increases
in Mpp which thereby creates the positive feedback. The
increase in Mpp is further ensured by making sure that
the Mpp phosphatase is near saturation, thus preventing the
additional Mpp being dissipated by dephosphorylation. In
addition, the rise in Mp is also enhanced by making sure that
the Kinase ðv1Þ with respect to M is close to saturation.
These factors together result in bistability.

We briefly review the model given in Markevich et al.
(2004), so that the results can be used to construct the
networks we discuss later in the text. The equations for the
species M;Mp and Mpp are assumed to be described by
Michaelis–Menten equations. The mass-balance equations
are given by

dM

dt
¼ v4 � v1,

dMpp

dt
¼ v2 � v3,

dMp

dt
¼ �

dM

dt
þ

dMpp

dt

� �
, (1)

where the last equation reflects the conservation of mass,
Mt ¼M þMp þMpp. v1; v2; v3; v4, are the reaction rates
described by the kinetics laws

v1 ¼
kcat
1 ðKin=Km1ÞM

1þMp=Km2 þM=Km1
,

v2 ¼
kcat
2 ðKin=Km2ÞMp

1þMp=Km2 þM=Km1
,

v3 ¼
kcat
3 ðPhos=Km3ÞMpp

1þMpp=Km3 þMp=Km4 þM=Km5
,

v4 ¼
kcat
4 ðPhos=Km4ÞMp

1þMpp=Km3 þMp=Km4 þM=Km5
. (2)

The kinetic constants are the same as in Markevich et al.
(2004), and are given below in Table 1.
Note the form of the denominator in the equations for v3

and v4, it includes terms for all three substrates, M, Mp and
Mpp. This represents the competition for the phosphatase
by the three substrates. In the appendix, we derive
the following simple expression which relates Mp to Mpp

and M,

M2
p ¼

kcat
1 kcat

3 Km2Km4

kcat
2 kcat

4 Km1Km3

MMpp. (3)

Using the conservation equation, we can eliminate Mp, and
obtain a quadratic equation for Mpp, in terms of M

ðMt �Mpp �MÞ2 ¼ aMMpp, (4)

where

a ¼
kcat
1 kcat

3 Km2Km4

kcat
2 kcat

4 Km1Km3

.

We choose one of the two roots, and using Eqs. (1) and (2),
express Mpp as a function of Kin. In Fig. 4, we plot this
dependence, which shows the bistable behavior of Mpp

with respect to Kin.
Using the bistable behavior of the cascade, we now

construct two types of networks which can exhibit
oscillations, a relaxation oscillator and a ring oscillator.

3. Oscillator type 1: relaxation oscillator

The relaxation oscillator is a commonly used device in
engineering for generating oscillatory non-sinusoidal sig-
nals, such as square or sawtooth waves. It is a device that
repeatedly alternates between two states with a period that
depends on a charging mechanism coupled to a threshold
device. In electronic devices the charging is usually carried
out by a capacitor or an inductor and the threshold device
is often a transistor or even a simple neon lamp. However,
relaxation oscillators are not confined to man-made
devices, biological relaxation oscillators are also known.
Probably, the most famous example of a biological
relaxation oscillator is a model based on a simplification
of the Hodgkin–Huxley equations for modelling nerve
action potentials. More recently, Hasty et al. (2002)
described the synthetic construction of a relaxation
oscillator to induce synchronous oscillations. In biological
relaxation oscillators, the threshold device can be a simple
bistable switch and the ‘‘charging capacitor’’ the rise and
fall of a protein species. The protein species is ‘‘charged’’
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Table 1

Parameter values for the Markevich bistable model

kcat
1 kcat

2 kcat
3 kcat

4
Km1 Km2 Km3 Km4 Km5 Phos Mt

0.01 15 0.06 0.084 50 500 22 18 86 100 500

The level of Kin is omitted from the table because it varies during the simulations. Values for Kin ranging from roughly 45 to 60 units lead to bistability

(see Fig. 4).
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Fig. 4. Bistability in a dual-phosphorylation scheme: the steady-state

values of Mpp as a function of Kin, which shows bistable switch-like

behavior. The graph also illustrates the two time-scales in bistable

dynamics, one fast that occurs during the switching action and a slow

dynamic due to the discharge mechanism.

Fig. 5. Relaxation oscillator: the diagram shows a schematic for a general

relaxation oscillator. The mechanism depends on two features, a threshold

device which can activate and deactivate according to a graded input and a

discharge device (P) which can charge when the threshold device is active

and discharge when inactive. In a biological system, the charging device

can be a simple protein activation step, with the discharge being coupled

with deactivation. The threshold device can be a bistable system. The

discharge device also provides the necessary delay. Note that the input to

the threshold device is inverted.
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by the bistable switch when in the on state but upon
reaching a set concentration the protein switches the
bistable switch to the off state. A protein degradation step
ensures the discharge of the protein so that eventually it
switches the bistable switch back to its on state, and thus
the cycle continues. Fig. 5 shows a schematic for a
biological relaxation oscillator.

In this section we describe the design of a relaxation
oscillator based on a protein kinase/phosphatase network.
The reviews by Tyson et al. (2003) and Kholodenko (2006)
illustrate a number of different oscillators, including
relaxation oscillators and are a useful reference to consult
for more information.

Consider a scheme where the production of Kin is
affected by the fully phosphorylated form of M, i.e. Mpp.
We will assume that the equation governing the dynamics
of Kin is given by

dKin

dt
¼

a
1þMpp=K

� gKin, (5)

where the negative feedback loop due to Mpp, has the effect
of reducing the production of Kin. The equation is not
based on any experimental observations of feedback
mechanisms but is used to illustrate one possible way to
generate a feedback response in a protein network. The
input to the system, Kin, is coupled to the output Mpp,
through Eq. (5). In Fig. 6 we show the reaction network,
which shows Mpp acting as an inhibitor of Kin production.
In Fig. 4, we follow the bistable curve along the path

A–D. At point A, Kin is at a low level, and it initiates the
phosphorylation of M, and hence the Mpp levels begin to
slowly increase. On reaching point B, the system jumps to
C. At C all of the protein is phosphorylated, and Mpp is at
its highest value. At this point (see Eq. (5)), the Kin levels
drop drastically, since Mpp has the effect of suppressing
Kin. This in turn stops the further phosphorylation of M,
and hence moves the system from C to D, at which point
there is another sudden jump, in which the final levels of
Kin and Mpp are low, and the system is back to its starting
point A. This completes one complete cycle of oscillation.
The parameters for the bistable switch are known
(Markevich et al., 2004), hence the only unknowns are
the parameters in Eq. (5), which are determined by
computing the conditions for which the Hopf bifurcation
occurs. At the Hopf bifurcation, for a complex pair of
eigenvalues of the Jacobian matrix, the positive real parts
cross the imaginary axis, becoming positive, signalling the
onset of an instability. In the appendix we derive the
necessary conditions for a Hopf bifurcation, which leads to
the following equation:

f 1 ¼ ðHFAþ BDI � AEI � CDHÞ

þ ðAE þ AI þ EI �HF � BDÞðI þ Aþ EÞ ¼ 0. ð6Þ
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At a Hopf bifurcation the parameters a, g and K , have to
be chosen such that the above condition is satisfied, as well
as r2 ¼ ðAE þ AI þ EI �HF � BDÞX0. Using Eq. (5),
the steady-state value of Mpp as a function of Kin can be
computed. Using optimization methods such as gradient
descent, we solve these simultaneous nonlinear equations.
The solutions of these nonlinear equations allow us to map
regions in the three-dimensional space, at which oscilla-
tions occur.

The above set of equations allow us to select the
following parameters, a ¼ 0:1, g ¼ 10�4, and K ¼ 10, for
which oscillations occur. For this particular choice, Fig. 7A
shows time series plots for M ;Mp;Mpp and Kin. The plots
show M and Mpp oscillate with large amplitudes, ex-
changing mass with each other, whereas Mp barely
changes. Mp forms a bridge between the unphosphorylated
and fully phosphorylated forms of M. Fig. 7B shows the
bifurcation plot, of the steady states of Mpp and shows a
supercritical and subcritical Hopf bifurcation at two values
of the degradation rate of Kin, i.e. g. Within the oscillatory
region, i.e. 5:6� 10�5ogo1:22� 10�4, the amplitude of
oscillations are approximately constant.
4. Oscillator type 2: ring oscillator

The previous model illustrated a particular kind of
oscillator called the relaxation oscillator. The advantage of
MppMp

Kin

M

Fig. 6. Relaxation oscillator: the diagram shows the reaction scheme for a

relaxation oscillator based on a dual-phosphorylation scheme. The

negative feedback from Mpp provides a route to the discharge circuit

(Kin). Bistability is provided by the dual-phosphorylation scheme which is

controlled by Kin.
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Fig. 7. Time series plots for the relaxation oscillator: in (A) we show time serie

K ¼ 10. In (B) we plot the bifurcation diagram for the steady-state values of M

symbol HB), where the first is supercritical and the second is subcritical.
a relaxation oscillator is the small number of independent
molecular species that are required to make it operate (two
at minimum). Other kinds of oscillators also exist, most
notably the feedback oscillator, however these require
more independent species to function. The feedback
oscillator is well understood in the engineering community
and many examples have been studied in biology (e.g.
Higgins, 1967; Tyson and Othmer, 1978).
A related type of oscillator to the relaxation oscillator is

the ring oscillator. Whereas a relaxation oscillator is made
of a charging and a threshold device, the ring oscillator is
made from a series of threshold devices that form a ring.
Each threshold device is used to switch the next unit to the
opposite state, as a result, ring oscillators require an odd
number of cascade units.
Previous work (Sauro, 1993; Gonze and Goldbeter,

2001; Elowitz and Leibler, 2000) on ring oscillators have
exploited ultrasensitivity to provide the threshold mechan-
ism between the switching units. Here we construct a ring
oscillator based on two bistable switches and a negative
feedback. Clearly, the greater the number of cascades,
the greater the delay, and hence the more effective the
negative feedback is in producing oscillations. In the
multisite phosphorylation mechanism we consider, each
kinase cascade is itself a bistable switch, and hence in
principle one could have two switches connected in series,
with a negative feedback, between the output of the second
switch and the input, which could produce oscillations. In
Fig. 8, we plot a cartoon of the scheme that we have just
described.
The equations for the reactions are given below:

dM

dt
¼ v4 � v1,

dMpp

dt
¼ v2 � v3,

dMp

dt
¼ �

dM

dt
þ

dMpp

dt

� �
,

x 10-4

0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
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γ

M
p

p
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s plots for M;Mp;Mpp and Kin for the parameters a ¼ 0:1, g ¼ 10�4, and

pp, with respect to g. There are two Hopf bifurcation points (marked by
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dN

dt
¼ v8 � v5,

dNpp

dt
¼ v6 � v7,

dNp

dt
¼ �

dN

dt
þ

dNpp

dt

� �
,

dKin

dt
¼ a0 � g0Kin, (7)

where v1 � v8, the reaction rates are described by

v1 ¼
kcat
1 ðKin=Km1ÞM

1þMp=Km2 þM=Km1

1

1þNpp=KI

� �
,

v2 ¼
kcat
2 ðKin=Km2ÞMp

1þMp=Km2 þM=Km1

1

1þNpp=KI

� �
,

v3 ¼
kcat
3 ðPhos1=Km3ÞMpp

1þMpp=Km3 þMp=Km4 þM=Km5
,

v4 ¼
kcat
4 ðPhos2=Km4ÞMp

1þMpp=Km3 þMp=Km4 þM=Km5
,

v5 ¼
kcat
5 ðMpp=Km1ÞN

1þNp=Km2 þN=Km1
,

Table 2

Additional parameters for the ring oscillator, other parameters are given in T

a0 g0 kcat
5 kcat

6 kcat
7 k

0.8 0.006 2:5� 10�3 3.75 0.084 0

V3

M

N

Mp Mpp

NppNp

V2V1

V4

V5

V8

V6

V7

(A)

(B)

Fig. 8. Ring oscillator: panel (A) shows the reaction scheme for the ring

oscillator, comprising of two dual-phosphorylation layers, in which the

second layer feeds a negative feedback to the input of the first.

Phosphorylation is assumed to be provided by consumption of ATP with

the release of ADP. It is assumed that the phosphatases release free

phosphate. Panel (B) shows a high level diagram of the ring oscillator,

comprising of two bistable stable circuits connected by a negative

feedback. Inhibition of V1 and V2 is brought about by competition

between the cycle components (M and MP) and Npp which bind to the

input kinase.
v6 ¼
kcat
6 ðMpp=Km2ÞNp

1þNp=Km2 þN=Km1
,

v7 ¼
kcat
7 ðPhos2=Km3ÞNpp

1þNpp=Km3 þNp=Km4 þN=Km5
,

v8 ¼
kcat
8 ðPhos2=Km4ÞNp

1þNpp=Km3 þNp=Km4 þN=Km5
. (8)

Table 2 includes the additional rate constants for this
model. The other rates constants are the same as given in
Table 1.
The form of the feedback from Npp suggests that there is

competition between Npp and the unphosphorylated forms
of the first kinase, M;Mpp to bind to Kin. Npp sequesters
Kin and reduces its availability to the first kinase, thereby
providing a negative feedback. An analytical formula for
the conditions under which the above system undergoes
limit cycle oscillations is fairly complicated, and hence will
not be described here. Instead, we performed a bifurcation
analysis of the steady states of the network with respect to
KI , the parameter which encodes the feedback strength.
The analysis led to regions in parameter space for which
the system oscillates. In Fig. 9A, we show the results of
the bifurcation analysis, which shows a Hopf bifurcation
at KI ’ 66.
Using this plot, we fix the parameter KI ¼ 100, and plot

the time series of Mpp;Npp, and Kin. See Fig. 9B. The time
series plots for M ;N, are phase shifted and are approxi-
mately of the same magnitude as Mpp, Npp, and Mp, Np,
are small and similar to Mp as was described for the single
cascade case. From the figure, we notice that as Mpp starts
to increase, the second kinase gets phosphorylated, and
makes Npp switch to a high level. This in turn sequesters
Kin, and ultimately switches OFF, Mpp. This then
decreases the phosphorylation of N, which switches OFF

Npp. Completing the loop, this results in a release of the
sequestered Kin, which therefore restarts the phosphoryla-
tion of M. The series of two cascades and a negative
feedback can be pictured as two switches connected in
series, closing the loop with a NOT gate, Fig. 8B. We
assume that the degree of sequestration is small compared
to the total amount of M.

5. Conclusions

Previous computational work (Markevich et al., 2004)
has shown that bistable behavior can arise from sequestra-
tion of enzymes that catalyse multisite phosphorylation
able 1

cat
8

Phos1 Phos2 KI Mt Nt

.06 100 100 100 500 500
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Fig. 9. Bifurcation diagram for the ring oscillator: in panel (A) we plot the bifurcation diagram for the steady-state values of Npp, with respect to KI .

There is a Hopf bifurcation point, at KI ’ 66. In panel (B) we show time series plots for Mpp;Npp and Kin for the parameter KI ¼ 100.
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cycles. This in turn can generate the positive feedback
necessary for bistability. Recent work by Wang et al. (2006)
has provided experimental evidence to support this kind of
mechanism. In this paper we discuss two oscillatory motifs
that can be constructed from the Markevich switch
(Markevich et al., 2004) using feedback. These motifs
include a relaxation oscillator and the related ring
oscillator, both can be seen in Figs. 6 and 8. Previous
models (Kholodenko, 2000) have used three layers to
generate oscillation. We demonstrate that at a minimum,
an oscillatory network can be constructed from a single
dual-phosphorylated cycle coupled with a feedback. This is
achieved by inhibiting the production of the input kinase
by feeding back the fully phosphorylated form of the cycle
to the input kinase. This motif leads to a relaxation
oscillator. A relaxation oscillator exhibits conspicuous
dynamics, in that there are two time-scales involved: one
is related to a slow charging process, and the other to the
rapid threshold switch. In the second example, we consider
two layers, in which the fully phosphorylated form of the
first layer is an input kinase to the second layer. In this way
a single bistable switch is coupled to another bistable
switch. In addition, a feedback from the fully phosphory-
lated form of the second layer is assumed to inhibit the
phosphorylation of the first layer by the input kinase. In
this case we obtain a ring oscillator, which functions
somewhat differently from the relaxation oscillator. The
temporal profiles are quite different in these two cases
discussed, and this is one way to differentiate the under-
lying dynamics.

In addition to the two models we describe here, the paper
by Wang et al. (2006) describes an additional motif that can
oscillate. The motif they describe is a classic relaxation
oscillator which uses the synthesis and degradation of the
unphosphorylated protein to generate the charging mechan-
ism and the bistable switch to provide the threshold device.
One of the main issues facing experimental systems
biology is reconciling complex network patterns and
function. The experimental work described by Wang
et al. (2006) is an illustration of the importance of
understanding specific motifs using theoretical models
and how theory can illuminate function. Many of the
advances in our understanding of network function stems
from our ability to map theoretical studies onto experi-
mentally derived network diagrams. This process is
hindered by our limited knowledge of motif properties.
In this paper we describe two new motifs structures which
can be added to a growing list of known theoretical motifs.
Our own aim in this work is to build a library of motifs that
can be used to assist experimentalists in identifying
particular network configurations and thus dynamical
function. A good example of such a library can be found
in the recent review by Kholodenko (2006) which describes
a great variety of motif patterns.
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Appendix

In this appendix, we provide detailed derivations for
Eq. (3), and the linear stability analysis leading to Eq. (6).
The steady-state values for M and Mpp are obtained by
setting the time derivatives in Eq. (1) to zero, i.e. v4 ¼ v1
and v2 ¼ v3. We use Eq. (2) for the rates v1; v2; v3 and v4, to
obtain, for v4 ¼ v1,
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1þMp=Km2 þM=Km1

1þMpp=Km3 þMp=Km4 þM=Km5
¼

kcat
1 MðKin=Km1Þ

kcat
4 MpðPhos=Km4Þ

,

(9)

and for v2 ¼ v3

1þMp=Km2 þM=Km1

1þMpp=Km3 þMp=Km4 þM=Km5

¼
kcat
2 MðKin=Km2Þ

kcat
3 MppðPhos=Km4ÞMpp

. ð10Þ

Equating the above two equations we obtain Eq. (3) in the
main text

kcat
1 kcat

3 MKm4

kcat
2 kcat

4 MpKm1

¼
MpKm3

MppKm2
. (11)

Linear stability analysis: We now present a linear
stability analysis of Eqs. (2) and (3), from which we can
derive the condition, Eq. (6). We first linearize Eqs. (2) and
(3) and compute the Jacobian, which takes the following
form, with the independent variables being M, Mpp and
Kin:

J ¼

qðV4� V1Þ

qM

qðV4� V1Þ

qMpp

qðV4� V1Þ

qKin

qðV2� V3Þ

qM

qðV2� V3Þ

qMpp

qðV2� V3Þ

qKin

0
�a=K

ð1þMpp=KÞ2
�g

2
6666666664

3
7777777775

¼

A B C

D E F

0 H I

2
664

3
775. ð12Þ

The eigenvalues are obtained by solving for the character-
istic equation, which leads to, detðJ � lIdÞ ¼ 0. At a Hopf
bifurcation, one of the eigenvalues is real, �s and there
exist a pair of imaginary eigenvalues �ir, and hence the
characteristic equation takes the form

ðl2 þ r2Þðlþ sÞ. (13)

Comparing this simple expression with the characteristic
equation that is obtained from Eq. (12) we get, expressions
for the eigenvalues

s ¼ �ðI þ Aþ EÞ,

r2 ¼ ðAE þ AI þ EI �HF � BDÞ,

sr2 ¼ ðHFAþ BDI � AEI � CDHÞ. (14)

From the above, we obtain

f 1 ¼ ðHFAþ BDI � AEI � CDHÞ

þ ðAE þ AI þ EI �HF � BDÞðI þ Aþ EÞ ¼ 0.

ð15Þ
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